T he fi nite element method of analysis affords the closest approximation to the real behavior of a structure. Based on the level of idealization of the structure, the finite element method utilizes either a macroscopic or a microscopic model. In a macroscopic model, the structure is divided into segments of fi nite length and nonlinear material behavior is introduced through pregenerated moment-curvature relationships for the segments. In the case of a microscopic model, the structure is divided into segments, which are subsequently divided into layers, and nonlinearity is introduced through the stress-strain relationships for the constituent materials in each layer. As compared to a microscopic finite element model, a macroscopic fi nite element model usually requires less effort for the analysis and at the same time yields good results.
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A computer program for the Nonlinear Analysis of Prestressed Con-crete Continuous Beams (NAPCCB), which has been developed' utilizing a macroscopic finite element procedure, is outlined in this paper. The validity of the procedure is established by means of comparison with test data and other analytical predictions.
THE COMPUTER PROGRAM
The NAPCCB computer program is based on the stiffness method and was developed using the numerical procedure suggested and used by Warner and Yeo. 2 The program uses a curvature incrementing technique and is capable of tracing the response of a bonded prestressed concrete beam of rectangular, I or T section, subjected to either concentrated or uniformly distributed loading, over the entire range of behavior from prestressing to failure. A flow chart of the computer program is given in Appendix A.
The beam is idealized in the analysis by dividing it into segments, where a segment is defined as the length between two consecutive joints, with each joint having two degrees of freedom, namely rotation and displacement. A linear elastic analysis is carried out to determine the effects of prestress and then the moment-curvature relationships for all the segments are established. A key segment, which is one located at a region where failure is likely to occur in the beam, is selected and the curvature in this segment is incremented in steps.
For each increment of curvature, a linear analysis, using the relevant secant bending stiffness for each segment, is carried out to determine the moment and curvature in each of the segments. At each increment of curvature, the cycle of calculation is repeated until equilibrium, compatibility and convergence requirements are satisfied. At this stage, the actual load on the beam corresponding to the assumed curvature is determined from equilibrium considerations and the related deflections, reactions and segment end actions are calculated. The incrementing of curvature con- tinues until one of the segments reaches its ultimate curvature capacity, at which stage failure of the beam is said to occur. Further details of the steps involved in the analytical procedure have been given by Warner and Yeo 2 and Kodur. The moment-curvature relationship is generated for the central section of a segment using the strain compatibility technique.
3 This relationship is assumed to be valid throughout the length of the segment. For each segment the moment-curvature relationship is generated for both positive and negative bending, since some segments switch from positive to negative bending and vice-versa, due to redistribution of moment in the inelastic range. The ultimate moment capacity, Mu, of a section is taken as that corresponding to the ultimate curvature, Ku, which is the curvature corresponding to a concrete strain, Emax , in the extreme compression fiber or to a steel strain equal to ultimate strain of the tension reinforcement at the section.
The two options in the model for selecting the stress-strain relationship for concrete in compression, one for unconfined concrete 4 and the other for confined concrete, 5 are shown in Fig. 1 . The factors, K 1 , and Zm, used in Fig. l(b) , are defined as:
(1) 
For unconfined concrete, where Ps is zero, the maximum usable strain is 0.004.
For concrete in tension, the stressstrain relationship is assumed to be linear with a slope equal to that of the curve for compression at zero stress. The contribution of concrete in the tension zone, after cracking, is not taken into account. An elasticplastic stress-strain relationship is used for nonprestressed reinforcement, both in compression and tension. A multilinear stress-strain relationship is used for prestressed reinforcement in tension. namely 0, D and D' in Fig. 2 , for the moment-curvature relationship was investigated.
If Point 0 is selected as the origin, computational problems such as nonconvergence are encountered since the secant stiffness is negative for applied moments in the range from zero to M 0 and becomes infinite at moment M 0 • When Point D is selected as the origin, it is found that the effects of prestress are not included in the analysis, since this choice implies zero curvature and zero moment at zero applied load. However, selection of Point D' as the origin, where D' is defined by the magnitude, Msec , of the secondary moment at the section due to prestress, accounts for prestressing effects at all stages of loading and computational problems such as nonconvergence are avoided. Hence, the moment-curvature relationship referred to the M'-K' axes is used in M 0 the analysis. This change of axis is a computational device only and the total moments are evaluated at each stage of loading.
The use of curvature as the incrementing parameter has certain advantages over the load incrementing technique. 7 · 8 Curvature incrementing facilitates the analysis of beams where one or more critical sections undergo local softening (moment shedding) before failure. Also, the complete response of the beam can be determined in one computer run since the moment-curvature relationships are generated before the start of the nonlinear analysis, as opposed to several runs required in computer programs such as PCFRAME, 9 based on a load incrementing technique.
FAILURE LOAD OF A CONTINUOUS BEAM
Subsequent to cracking of the concrete, the bending moment diagram for a continuous prestressed concrete beam under load deviates from that given by a linear elastic analysis and, with increasing load, approaches that obtained from a plastic collapse anal- Fig. 2 , the momentcurvature relationship for a prestressed concrete section does not usually pass through an origin corresponding to zero moment and zero curvature. Selection of a suitable origin is an important step in the analysis since nonlinearity is accommodated by updating the secant stiffness, defined as the slope of the line from the origin to the relevant point on the moment-curvature diagram. The suitability of using the three possible origins suggested by Arenas, 6 Fig. 2. Axes system for moment-curvature relationship.
ysis. The failure load, based on a plastic collapse mechanism approach, can be attained only if the sections at which plastic hinges form have sufficient rotational capacity to allow full development of the required number of plastic hinges for formation of a mechanism in the beam. The rotational capacity available at a plastic hinge can be assessed from the moment-curvature relationship of the cross section of the beam and increases with ductility.
Determination of the required rotation at a hinge location necessitates an analysis of the beam under a load level corresponding to the plastic collapse load. If the required rotation at any of the plastic hinge locations is greater than that available, the beam will fail prior to reaching the plastic collapse load since the plastic moment capacity cannot be maintained at this location and the collapse mechanism cannot develop fully. Partial redistribution of moment occus in this case as opposed to full redistribution which accompanies the development of a plastic collapse mechanism.
In computing the required rotation at a plastic hinge location in a structure, inelastic deformations must be considered. This consideration has stifled the application of plastic methods of design to concrete framed structures. As a result, North American Codes 10 • 11 use a lower bound approach to a failure load by utilizing elastic bending moments, which may be adjusted to account for redistribution of moment, to determine the load at which the ultimate moment capacity is attained at a single section. The permitted amount of redistribution of moment is based on a measure of the ductility of a specific cross section in a member. However, it has been suggested that redistribution of moment should be based on member ductility rather than on sectional ductility.
2
Redistribution of moment in statically indeterminate structures can be studied using nonlinear methods of analysis. The NAPCCB computer program has been developed as part of a study of redistribution of moments in continuous prestressed con-
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OPTIMUM IDEALIZATION OF BEAM
Proper modeling of the regions in the beam where failure occurs is an important aspect in the NAPCCB computer model since the failure load is governed by the strength of such critical sections. Warner and Y eo 2 suggested the use of an aspect ratio (ratio of length to depth of the segment) of 1 to 2.
In order to assess an optimum element size, two prestressed concrete beams, one simply supported and the other two-span continuous, were analyzed using different idealizations in which the aspect ratio was reduced gradually in the critical regions, as shown in Figs. 3 and 4 , respectively. The aspect ratio of the segments in the critical regions for each idealization is given in Tables 1 and 2 . In the case of the simply supported beam, the critical region is at the load point, while the load point and the central support are the critical regions in the continuous beam.
Both beams have a rectangular cross section, 250 mm (9.84 in.) deep and 150 mm (5.91 in.) wide, and the amounts of reinforcement and the material properties are as given in Figs. 3 and 4 Results from the analyses of the idealized simply supported and continuous beams are presented in Tables 1 and 2, respectively. From Table 1 it can be seen that the failure load predicted by NAPCCB for the simply supported beam is the same for all the idealizations and is equal to the plastic collapse load, based on the ultimate moment capacity at the critical section. This is expected since the plastic collapse load is determined by equilibrium considerations alone for a statically determinate structure. However, the deflection under the load point at the failure load decreases with the aspect ratio of the segment in the critical region. The deflection of the beam depends on the area of the curvature diagram and, consequently, on the plastic hinge length, lP, as shown for the idealized curvature diagram 13 in Fig. 5 . The formulation in the model is such that lP is equal to the length of the segment adjacent to the load point section since the entire critical segment is assumed to be fully plastic at failure. Thus, a model with a higher aspect ratio, and related larger plastic hinge length, will predict a larger deflection for the same value of ultimate curvature at the critical section. September-October 1990 Table 2 and Fig. 6 show that, for the continuous beam, the failure load decreases with aspect ratio. From Table 2 it can be seen that, while the support segment reaches its ultimate capacity, as characterized by the constant value of curvature at the support for all the idealizations, the load point segment reaches a level of curvature dependent upon the aspect ratio. This can be seen also from the moment-curvature relationship in Fig.  7 , where the numbers refer to the six different idealizations as listed. Fig.  6 shows that the failure load approaches a value of 108 kN (24.3 kips) at zero aspect ratio, a value which could be interpreted as the actual failure load of the beam. Since failure loads lower than that given by a plastic analysis were obtained from the NAPCCB analyses, it may be concluded that only partial redistribution of moment occurred in the beam at failure.
The variation in the magnitude of the failure load and the related deflection of the continuous beam for the different idealizations can be explained with reference to Fig. 8 . At failure of the beam, the rotation, <1>., in the plastic hinge at the central support can be determined using the free hinge approach. 13 The rotation at failure is given by the relation:
where <j > 1 and <j > 2 , which are the rotations at the end of a simply supported span subjected to a bending moment, M. [ Fig. 8 (c)] , and a load, W. [ Fig. 8 (d) ], respectively, can be computed using the relationships:
where EI is the flexural stiffness of the span and L is the span length. The rotation, <1>., is also dependent on the product of plastic hinge length, !P, and ultimate curvature, K., at the central support and can be written as:
From Eq. (6), it can be seen that, for a specific moment capacity, M., 
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and related curvature, Ku, an increase in plastic hinge length, lP, as a result of increased aspect ratio of the critical segment, leads to a higher value of the failure load, Wu. In addition, the resulting increase in the area of the curvature diagram, resulting from an increased plastic hinge length, leads to a higher rotation in the plastic hinge length and hence a larger deflection at the load point. Thus, an increase in the aspect ratio of the segments in the critical regions leads to a higher failure load and a larger deflection in the model NAPCCB.
From the results of analyses of a number of additional two-span and three-span beams 1 under various loading conditions, it was found that an aspect ratio in the range of 0.2 to 0.4 in the critical regions gives a good estimate of the failure load and the deflection in a beam in which partial redistribution of moment occurs. Use of an aspect ratio less than 0.1 induces round-off errors and also involves higher computer costs.
An investigation 1 of the effect of refinement of mesh in two-span beams where redistribution of moment is virtually complete at failure indicated that the aspect ratio has no significant effect on failure load. In this case significant plastic deformation will occur in the region of the load point as well as at the central support. Since the rotation, <l>u , is related to the area of the curvature diagram, the influence of an increase in the plastic hinge length at the support (negative curvature) will be counteracted by a similar increase at the load point (positive moment).
Consequently, from Eq. (4), if <l>u and <1> 1 (which is dependent on Mu) are invariant, so will <1> 2 be invariant, with the result that Wu will not be dependent on lP. However, the deflection decreases with the aspect ratio as in the case of beams with partial redistribution of moment. This can be attributed to the fact that the deflection at the load point will be influenced primarily by plastic deformation in the load point region. Thus, an increased aspect ratio and related plastic hinge length will lead to increased deflection.
It is recommended that, since the September-October 1990 extent of redistribution of moment is not known before the analysis is carried out, an aspect ratio of 0.2 to 0.4 in the critical regions, together with an aspect ratio of 1 to 2 in other regions, should be used in all beams to obtain a reasonable estimate of both the failure load and the deflection.
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EVALUATION OF THE MODEL
The validity of the computer model was further evaluated by comparing its predictions with test data and with other analytical predictions. The analyses were carried out using an aspect ratio of 0.25 for segments in the critical regions. Confinement present in the section was taken into account by using the relevant stressstrain relationship for concrete in compression.
Test data 12 • 14 in the form of loaddeflection and load-moment plots, for a two-span beam (S4) and a threespan beam (3S2), are compared with the results from the NAPCCB computer model in Figs. 9 and 10 , respectively. In the load-moment plots the positive moment corresponds to that at the load point, while the negative moment is that at the interior support. Good agreement is obtained between the test data and the predicted responses over the entire load history for both beams.
The failure loads from tests, NAPCCB analyses and plastic analyses for Beams S4 and 3S2 are given in Table 3 . The failure loads predicted by the nonlinear analysis and by the plastic analysis are close, indicating that full redistribution of moment occurred in both beams. The slightly higher failure load from the plastic analysis for the three-span beam is due to the use of maximum moments, as opposed to ultimate moments, at the critical sections which exhibited softening momentcurvature relationships.
The test failure load is approximately 15 percent higher than the load predicted from plastic analysis for each beam. The higher failure load has been attributed to the presence of the prestressing duct acting as extra reinforcement and neglect of stmin hardening of the nonprestressed steel, two effects which are not ac · counted for in the analysis. 12 The smaller deflections predicted by NAPCCB at failure, as shown in Fig.  9 , are due to the lower predicted failure loads.
Predictions from the NAPCCB computer model were also compared with results from a microscopic finite element model, PCFRAME, 9 for two two-span beams, one of rectangular and the other of I cross section. The use of similar stress-strain curves 50 for concrete and steel in both programs facilitate a direct comparison of results. An aspect ratio of 0.25 was chosen for the mesh size in the critical regions for both analyses. Since confinement of concrete is not accounted for in PCFRAME, the analyses were carried out using the unconfined stress-strain curve for concrete in compression. Good agreement between the results from two programs over the entire loading range can be seen from the load-deflection and the load-moment plots in Figs. 11 and 12 , respectively.
In the case of the rectangular beam, as can be seen in Fig. 12(a) , the support segment reached its ultimate capacity of -50.67 kN.m (-37.37 kipft), but the load point segment did not reach its ultimate capacity of +98.71 kN.m (+72.79 kip-ft), indicating that the degree of redistribution of moment was partial in this beam at failure. This is reflected in the large difference between the failure load from the plastic analysis and the NAPCCB analysis [ Table 3 and Fig. 11(a) ]. The failure load predicted by PCFRAME for this beam is slightly higher than that from NAPCCB because PCFRAME overestimates the strength of the critical sections.
It has been shown 1 that this overestimation is due to the assumption in PCFRAME that the strain and the related stress is constant over the depth of a layer in an element. For the I beam, the predicted failure load from the NAPCCB analysis is very close to that from the plastic analysis, indicating that the redistribution of moment is almost complete. Again, it can be seen in Table 3 that PCFRAME overestimates the failure load. The slightly larger deflections at failure predicted by PCFRAME for both beams, as can be seen in Fig. 11 , is due to the higher predicted failure loads.
As a result of the above evaluation, it is felt that the nonlinear mathematical model, NAPCCB, may be used with confidence to examine the effects of the various parameters which may influence the redistribution of moments in prestressed concrete continuous beams. Such a study is being undertaken in order to refine and extend the approach proposed by Moucessian and Campbell 8 for the determination of the failure load of a continuous prestressed concrete beam.
CONCLUSIONS
1. An aspect ratio in the range of 0.2 to 0.4 for the segments in the critical regions should be used in order to yield acceptable results from the nonlinear analysis. 2. Predicted failure loads are sensitive to the aspect ratio of the segments at the critical regions in beams where incomplete redistribution of moment occurs at failure, but not in beams where redistribution of moment is complete at failure. Predicted deflections are sensitive to aspect ratio in all cases. lytical predictions showed that the model is capable of predicting the behavior of a prestressed concrete continuous beam at all stages of loading. A linear elastic analysis of the beam gives the secondary moment at the central support, due to prestress, as 1897 kN.m (1399 kip-ft).
METRIC (SI)
The beam is symmetric about the central support and has critical sections, namely, the locations of potential plastic hinges, one at the support and one in each span. For a uniformly distributed load, the critical section in the span will be at a distance of approximately 0.4L from the end support. A distance of 0.3961£, which corresponds to the location of the central section of a segment in the NAPCCB analysis, has been assumed here.
Properties of the two critical sections, obtained using the strain compatibility approach, are presented in Table Bl .
Plastic Collapse Load
Assuming a collapse mechanism to form in each span (full redistribution of moment), where the plastic hinge in the span forms at a distance of 0.3961£ from the end support, the plastic collapse load, wP'' is given by: 
